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Notation : ④ is addition
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f- is constant if forfeit

a⊕b:= atbcmodz)
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__× find & fax]

• ✗④ I = !✗ , we 4. f- is balanced if fio)④fast

say ✗ is flipped fix & fix)

71=0 or ✗=/

II. Task

Determine if f- Is constant
or balanced using as few queries to the

Quantum Oracle

shown above as possible .

II. When 1×7,197
are Computational Basis .
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By querying the
Quantum Oracle twice, we can determine if f- is constant or

balanced .

Could we do better ?

IV Navigation
I. When only control is

in a superposition state, e.g,
1×3--1-1> = "%

I
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Reasoning analogously as before , we can analyze
each output state when f- c- {fi, fiefs, fc,] .

Let's use Uf
(1+7103) = ¥ [107*0]>-1 listen>] as an example .

Case/ : f-f ' However <4,1%7=1-2,
this means 14> and 1%> are

Uf(Hyo>5- ¥400>
+1"> )= It> /☐

=""

and,gtu;shable .

Or in other words, there is no

measurement that we
could make to distinguish 114> from 14?

Case2 : f-fz

Reasoning analogously,
{1%71%71%71447} are pair-wise

Ufltislo>)
= ④1>+11031--114> entangled !

indistinguishable . Hence we could not
tell from

cases: f-fs
the measurements if we have a constant

µ,,,,, ,µ
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function or a balanced

function .

Case4: f-fall(lidos)= ¥ (10131-117)--1+7117=144
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2-When only target is in a superposition
state, e.g, ly>= It>

= "J¥
Uff '> 1-7) = Uf(l↳④('%¥))

Uf (1071-7) = Uf@
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Reasoning analogously as before , we can analyze
each output state when f- c- {fi, fiefs, fc,] .

Let's use Uf
11071-7 ) -_¥ 1071%17-1031 ! -11017 &

UFCIDI-7)=# [ IDIFCD> - IDI !faD] as examples .

Uf④H) -_UfCase/ : f-f,

Uf(1071-7) = # 107-10>1151--1071-5 Uffe> 1-7) = ¥ [17107-117117]--1171-2

Case2 : f-fz
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Case4: f=f4

Ufcw>b) = # in -1071051=-1071-7
UH> 1-7) = ¥4>ID -117107 ]

= -1171-7 = C-1)
*✗ I

1×7 /→ (*)
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3 .
When both control and target

are in superpositions .

Let's consider 1×7=1+7 and by> = f) :

Uf (1+71-7)
= Uf (%¥ ) 1-7 = ¥ [Uf(1071-7-1

Ufc> 1-4]

[
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Case I or Case 4
: when f=f, or f=fq, i.e,

when f- is constant
.

global phase could
be omitted .

fat - f-co) = 0

C-f)
%)

Hence [**I
= I

(1071-7+1171-3) = #°> It> /→

Case2 or Case3
- When f-fz or f=fz i -e

,
when f- is balanced

global phase could
be omitted .

f-a) - f-co) = 1 or -1 -

fib
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=

⇔ (1071-7-1171-3) = C-1) 1->↳

52 Note: C-1)
'
=C-D-

'

= -1

Hence , measuring the control qubit
in the ✗ basis tells us

whether the function is

constant or balanced
in just ONE query .

A visualization is shown
below
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Thestate of the inputs to Uf
are 1+71-7

.

Measure the

control qubit in the

2- basis . 3


